sponding to the cohomologies of base and fibre of a fibre space). Borel gives an intricate proof of this in his thesis ((1), Theorem 13-1, p. 157). He points out that the theorem is essentially one of uniqueness, and the proof given here is based on this remark. I prove (6) by assuming (a) and mapping a suitably manufactured spectral algebra into E; the map turns out to be an isomorphism by the comparison theorem (2). I do not know whether (a) can also be proved by this method.
The technique is applicable to a variety of spectral sequence arguments where the answer can be guessed and uniqueness has to be proved. For example it extends very simply to the case:
Borel states this ((l), Theorem 16-1); the proof is given below.
The tensor product E = E' ® E" of two given spectral algebras E' and E" is defined as follows:
Let E T = E' r ®E", the tensor product of two bigraded associative skew-commutative algebras over K, with derivation, yielding another such. Since we are working over a field, H{E' r ®E'r) = H(E' r )®H(E"), and so the formula E r+1 = H{E r ) is satisfied. The properties are immediate:
(i) If E' and E" have trivial oo-terms, so has E.
(
ii) F = F'®F",B = B'®B".
(iii) The associativity of 0 for spectral algebras follows from that for algebras, (iv) Two homomorphisms f':E' -+E' and f":E" -*• E" induce a homomorphism
Definition of E(s), an elementary spectral algebra over K of odd degree s. Let F{s) = A(y), f] of degree s, B(s) = K[Q, £ of degree s+l, and let E(s) 2 = B{s)®F(s).
Therefore if K is not of characteristic 2, the algebra E(s) 2 is freely generated by £ and 97, the multiplicative order of v being 2 since s is odd. If K is of characteristic 2, then 2?(s) 2 is generated by £ and y, with the one relation y 2 = 0. Let d r = 0, r = 2,3,..., s. Therefore .E(s),. = E(s) 2 '°, and define f r y = y, / r £ = K r z. This determines f r uniquely since E(s) is generated by £ and n. Moreover, f r is an algebra homomorphism since if K does not have characteristic 2 then E(s) r is freely generated, and if K has characteristic 2 the one relation if = 0 in E(s) r is echoed by y 2 = 0 in E r (this being the purpose of putting y 2 = 0 in the hypothesis). Now K T z is a d r -cocycle, and since y is transgressive, 2/ is also a d,.-cocycle for r = 2,3,..., s. Therefore for these values of r commutativityis trivial, and/ r induces/ r+1 . In the case r = 8+ 1 the transgression dj+i maps y and £ in i?(s) g+1 and y to /c s+1 z in JEJ 8+1 . Therefore / g+1 commutes with d s+1 on the generators of, and so on the whole of, E(8) s+1 , and induces (the trivial)/ g+2 . The uniqueness of/follows from that of/ 2 .
Proof of Theorem 1 (b). We assume (a). We are giveniS with F = A(y v ..., y m ), where y t is transgressive of odd degree s it say. We are also given for each i some image z { of y i in B under transgression. Let , together with the unit element form an additive base for the vector space F over K. This is more general than an exterior algebra, since it may happen that y\ 4= 0, as, for example, in the cohomology ring modulo 2 of the rotation group i?(3).
Since K is of characteristic 2 we may define elementary spectral algebras of even degree in exactly the same way as those of odd degree. For each i there is as before a spectral sequence homomorphism/':E(s i ) -> E, mapping % to y i and ^ to z t , only this time it is not strictly an algebra homomorphism, because, although t\\ = 0, we may have (/ i? /i) 2 = V\ 4= 0. However, f\B(s t ) is an algebra homomorphism since -5(5^) = K[^] is freely generated by Q. The construction of/is as before. Then f:F ^ F, qua additive structure only, and s o / : B ^ B, qua additive structure, since the comparison theorem depends only on the additive structure. B u t / | B is an algebra homomorphism, so that f-.B^Bisan algebra isomorphism.
